In this paper, we consider a perturbed p-Laplacian equation with critical nonlinearity and magnetic fields on R N . By using the variational method, we establish the existence of nontrivial solutions of the least energy.
Introduction
In this paper, we are concerned with the existence of nontrivial solutions to the following where is a sufficiently small constant, E is a real number, and u(x) is a complex-valued function satisfying
We can conduct the transition from quantum mechanics to classical mechanics by letting → . Thus, the existence of semiclassical solutions has a great charm in physical interest. For general p ≥ , most of the works studied the existence results to equation (.) with A(x) ≡ . See, for example, [-] and the references therein. These papers are mostly devoted to the study of the existence of solutions to the problem on bounded domains with the Sobolev subcritical nonlinearities.
However, to our best knowledge, it seems that there is no work on the existence of semiclassical solutions to perturbed p-Laplacian equation on R N involving critical nonlinearity and magnetic fields. In this paper, we consider problem (.) with magnetic fields. The main difficulty in the case is the lack of compactness of the energy functional associated to equation (.) because of unbounded domain R N and critical nonlinearity. At the same time, we must consider complex-valued functions for the appearance of electromagnetic potential A(x). To overcome this difficulty, we chiefly follow the ideas of [] . Notice that although the ideas were used in other problems, the adaption of the procedure to our problem is not trivial at all. We need to make careful and complex estimates and prove that the energy functional possesses a Palais-Smale sequence, which has a strongly convergent sequence. We make the following assumptions on V (x), A(x), f (x, s) and K(x) throughout the paper: http://www.boundaryvalueproblems.com/content/2013/1/216 
Our main result is the following. 
The paper is organized as follows. In Section , we give some necessary preliminaries. Section  is devoted to the technical lemmas. The proof of Theorem  is given in the last section.
Preliminaries
Let λ = ε -p . Equation (.) reads then as
We are going to prove the following result.
In order to prove these theorems, we introduce the space
equipped with the norm In fact, since A(x) is real-valued, one has
It is known that E
(the bar denotes a complex conjugation). This inequality implies that if u ∈ E λ,A , then |u| ∈ W ,p (R N ), and, therefore,
Solutions of (.) will be sought in the Sobolev space E λ,A as critical points of the functional
where
It is easy to see that
3 Behavior of (PS) c sequence and a mountain pass structure
In this section, we commence by establishing the necessary results which complete the proof of Theorem .
Lemma . Let (V  ), (A  ), (K  ) and (H  )-(H  ) be satisfied. For the (PS)
c sequence {u n } ⊂ E λ,A for I λ , we get that c ≥  and {u n } is bounded in the space E λ,A .
Proof Under assumptions (K  ) and (H  ), we have
In connection with the facts that I λ (u n ) → c and I λ (u n ) →  as n → ∞, we obtain that the (PS) c sequence {u n } is bounded in E λ,A , and the energy level c ≥ .
Next, let {u n } denote a (PS) c sequence. By Lemma ., it is bounded, thus, without loss of generality, we may assume that u n u in E λ,A . Furthermore, passing to a subsequence, we have u n → u in L q loc (R N ) for any q ∈ [p, p * ) and u n → u a.e. in R N . 
Lemma . For any s
∈ [p, p * ),
Let η ∈ C ∞ (R + ) be a smooth function satisfying  ≤ η(t) ≤ , η(t) =  if t ≤  and η(t) =  if t ≥ . Define u j (x) = η(|x|/j)u(x). It is not difficult to see that
u -u j λ,A →  as j → ∞.
Lemma . One has
Proof By direct computation, we easily obtain u j → u in E λ,A . The local compactness of the Sobolev embedding implies that, for any r ≥ , we have
for all r ≥ r ε . By the assumptions and the Hölder inequality, we have
This proof is completed. http://www.boundaryvalueproblems.com/content/2013/1/216
Lemma . One has along a subsequence
Proof Combining Lemma . of [] and the arguments of [], one has
By the Brézis-Lieb lemma [], we get
We now observe that I λ (u n ) → c and I λ ( u n ) → I λ (u), which gives
Moreover, by direct computation, we get
It then follows from the standard arguments that Let u
Together with Lemma ., one has
In the following, we consider the energy level of the functional I λ below which the (PS) c condition holds. Denote V b (x) := max{V (x), b}, where b is the positive constant in assumption (V  ). Since the set ν b has a finite measure, combining the fact that u
Furthermore, by (K  ) and (H  )-(H  ), there exists C b >  such that
Let S be the best Sobolev constant of the immersion
Proof Arguing by contradiction, assume that u n u, then
Combining the Sobolev inequality, (.) and (.), we get
which further gives
.
We obtain the desired conclusion. Proof By the fact that I λ (u) ≥  and Lemma ., we easily get the required conclusion. Now, we consider λ ≥  and prove that the energy functional I λ possesses the mountain pass structure. Since all norms in a finite-dimensional space are equivalent, in connection with q > p, we obtain the desired conclusion.
For λ large enough and c λ small sufficiently, I λ satisfies (PS) c λ condition by Lemma .. Furthermore, we will find special finite-dimensional subspace, by which we establish sufficiently small minimax levels.
